TANGENT AND OSCULATING SPACES
OLIVIER CASTERA

ABSTRACT. Two spaces whose metrics have the same coefficients at a point are said to be
tangent at that point. Two spaces whose metrics have the same coefficients at a point and the
same derivatives of these coefficients are said to be osculating at that point. This notion does
not apply to Euclidean spaces (of which the line and the plane are examples). They can be
tangent but cannot be osculating.
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1 IN TWO DIMENSIONS

1.1 Tangent line to a parabola

Example 1.1. Let (0, z,y) be a Cartesian coordinate system in the two-dimensional Euclidean
space (the Euclidean plane). The square of the length element is written ds* = dx* + dy?.
Consider the parabola with equation v = x%. By differentiating:

dy = 2xdx
If the length element belongs to the parabola:
ds® = da* + dy’
= da? + 42 dx®
= (4;1:2 + 1) da?
The metric tensor of the parabola has only one element:
Goe = 427 + 1

Note that this is also the metric tensor of the parabola with equation y = —x?. Consider the
line with equation y = ax + b (one-dimensional Fuclidean space). By differentiating:

dy = adx
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If the length element belongs to the line:
ds? = da® + dy?
= do* + a*da®
= (a2 + 1) da?
The metric tensor of the line has only one element:
Gre = a* + 1

If at a point M (xo,yo) belonging to two curves the metrics are equal, then the curves are tangent
at that point. The lines tangent at M (zo,yo) to the parabola are such that the metrics are equal
at that point:

a>+1=42+1
a:iQSUO

We keep the positive sign because the negative sign corresponds to the lines tangent to the

parabola with equation y = —x?:

a = 2xg
The point M (xg,yo) belongs to the parabola, yo = 2, and to the line yo = axy + b:
b= yo — axy
= x% — 21‘3
= —x]
The equation of the tangent at M (xg,yo) to the parabola is written:
y = 2wor — 7
For example at the point (1,1) of the parabola:
y=2zx—1

If one tries to find the line osculating the parabola, one obtains,

3 (a2+1)

- - aa (4332 1 1)

o T

O:8l‘0

SL’Q:O

Zo

which does not make sense.

1.2 Circles tangent to a parabola
Example 1.2. Consider the circle with center (z.,y.) and radius r, with equation:
(=)’ + (y— o) =7
By differentiating:
2(x —x.)dr+2(y—y.)dy =0

dy = M dr
Y=Y
ayt = T gy
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If the length element belongs to the circle:

ds? = da® + dy?

2 (z — xc)z 2
S (y - yc>2 !
_ (z — xC)Q ] 2

[(y - yc)2 +1 !

The metric tensor of the circle has only one element:

(x — )
Gez = D) +1
(y - yc)
_ (SL’ - xc>2 + (y - yc)2
- 2
Y~ Ye)
,',.2

At the point of tangency M (zo,yo) the metrics are equal:

2
('TO xC)Q + 1
(yO - yc)
4378 (Yo — yc)2 = (x — SCc)2

(Yo — ye)” = <x° — xc>2

4x(2)+1:

QI‘O
Ty — T
Yo — Ye = + ’
2[L‘0
Lo — T
Ye = Yo +
233‘0

We keep the positive sign because the megative sign corresponds to the circles tangent to the
parabola with equation y = —x?:

(1)

Let us check if the fact that the point M belongs to both curves provides a new equation. Let us
redo the calculation using the radius:

4oy +1 =

4adr® — (43:(2) + 1) (20 —2.)° =0

422 +1

2 0

- 423 (w0 — )
VAxd + 1

P Ty — Te)
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The point M (xq, o) belongs to the parabola and to the circle:

($O - xc)2 + (?/0 - yc)2 - TQ

43 + 1
— x% \l 1 (rog — xe)” — (0 — 7¢)
1
2 2
~ % o (20—
2 ) Le
o 2[L‘0

We recover equation (1). We therefore have only one equation for the two unknowns x.,ye..
While there is only one tangent line at any point on the parabola, there is an infinity of circles
tangent at each point M(xq,yo) of the parabola. The centers of these circles constitute the line
perpendicular to the parabola at the considered point. For example at the point (1,1) of the
parabola,

r=+— (1-x) and  y.=1+4+
If we take x. = —1,
r=+5 and Ye = 2

1.3 Osculating circle to a parabola

A circle
tangent —+

at M

-+ The tangent at M

The circle
osculating

at M

L | | | | | | |

f T T ~—__ | T T T T
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Example 1.3. Consider the circle with center (x.,y.) and radius r, with equation:
2 2
(l‘—ZL‘C) +(y_yc) :TQ

osculating the parabola with equation y = x*. We then always have the equality of the metrics
at the point M (xo,yo) which gives,

(yo—-u92=:(x°__xc)2

2.1’0

The circle being osculating the parabola, we also have the equality of the derivatives of the
metrics at the point M(xq,yo):

0 9 B 0 |(x —xc)2
&E@xkgxo_axl@_ya2+1xo
8 = 2 (zg — x.)
(y(] - yc)2
2 To— L¢
(y(] - yc) — 4l‘0

So that,

Ty — Te 2 To — Te

( 2xg > - 4xq

To —Te = X9

z.=0
The center of the osculating circle to the parabola is on the y-axis, and its y-coordinate is:

To — X

2.1’0

=Y+ 3

Ye = Yo +

For example at the point (1,1) the center of the osculating circle has coordinates (0;1.5) and
radius:
2 2 2
e = (z0 — )" + (Yo — ¥e)

5
24 (1-15)7° =2
+( ) =7
V5
2

r= ~ 1.118

2 IN THREE DIMENSIONS

2.1 Tangent plane to a paraboloid of revolution

Example 2.1. Let (o,z,y,2) be a Cartesian coordinate system in the three-dimensional Eu-
clidean space. The square of the length element is written ds* = dx? + dy® + dz*. Consider the
paraboloid of revolution with equation z = x* + y?. By differentiating:

dz = 2xdx + 2ydy
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If the length element belongs to the paraboloid of revolution:
ds* = da® + dy* + dz*
= da? + dy? + 42°d2”® + 4y dy® + Swydxdy
= (4;1:2 + 1) do? + (4y2 + 1) dy?* + Sxydxdy

The metric tensor of the paraboloid of revolution has elements:

Gz = 42° + 1
Gyy = 4y* +1
Yoy = Gye = 42y
Note that this is also the metric tensor of the paraboloid of revolution with equation z = —x*—y?>.

Consider the Euclidean plane with equation ax + by + cz +d = 0 (two-dimensional Euclidean
space). By differentiating:

adx + bdy + cdz =0
If the length element belongs to the plane:
ds* = da® + dy* + dz*
1
= da® + dy? + = (—adx — bdy)?
a? , (VP ,  2ab
= (g—i—l)d:c + <§+1>dy +?d:cdy

The metric tensor of the plane has elements:

a
b2
gyy—ngl
ab
gxy:gyng

The planes tangent at M (xo, Yo, z0) to the paraboloid of revolution are such that the metrics are

equal at that point:
2

a
— +1l=4drt+1

c? + ot a = +2cxg
b? _

Zb ab = 4c*zoyo
2= 4xoyo

The first two equalities give ab = *4c*zqyo. To conform to the third equality, we must have the
following condition: If a = 2cxq then b = 2cyq, and if a = —2cxy then b = —2cyy. We keep
the negative sign because the positive sign corresponds to the planes tangent to the paraboloid
of revolution with equation z = —x% — y?:

a = —2cxy
b= —2cyq

The point M (xo, Yo, 20) belongs to the paraboloid of revolution,

2, 9
20 = Xy + Yo
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and to the plane:
axg+ byg+czg+d =0
—2cxf — 2cyy +czp+d =0
—2czg+czg+d=0

d=cz
We then have:
a = —2cxq
b= —2cyy
d=cz

The equation of the tangent plane at Mz, yo, z0) has equation:
—2cxor — 2cyoy + cz +czp =0
—2207 — 2yoy + 2+ 20 =0

For exzample, the tangent plane to the paraboloid of revolution at the point (1,1,2) has equation:
—2x — 2y + z+ 2 = 0. At each point of the paraboloid of revolution there is only one tangent

plane.

2.2 Spheres tangent to a paraboloid of revolution

Example 2.2. Consider the sphere with center (z.,ye, z.) and radius v, with equation:
(l‘ - xC)Q + (y - yc)2 + (Z - 20)2 = Tz
By differentiating:

2 —x)dr+2(y—ye)dy+2(z—2z.)dz=0

O Gl 2 N e O
Z— 2 Z— 2
2 2
- 4 - Ye 2 - de¢ - Ye
(z — 26)2 (z — zc)2 (z — 26)2

If the length element belongs to the sphere:
ds* = da® + dy* + dz*

2 2
_ _ 2(r — _
— d{EQ + dyZ + (.ﬁU 'TC)Q d{EQ + (y yC)Q d’y2 + ('T SUC) <y2 yc) dl’d’y
(z — z.) (z — z) (z — z.)
2 2
- 4 - Ye 2 - 4 - Ye
_ lii”” ‘”))2 +1] da® + [72‘” ysz +1] ay + 2 ( x)@)Q ) dedy
2 — Zc 2 —Z Z— Zc
The metric tensor of the sphere has elements:
(x — xC)Z
(y - yc>2
Jyy = (z— 2 7 +1
_ (z — ) (Y — )
Gzy = Gya = (Z _ ZC)2
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The spheres tangent at M (xq, Yo, 20) to the paraboloid of revolution are such that the metrics
are equal at that point:

(20 — 2c) (xo — xc)Q = 41’3 (20 — zc)2
Lyc)z +1=dys+1 = (Yo — ye)* = 4y (20 — 2c)°
(:EO - $c) (?/0 - yc) - 4$0?/0 (ZO - Zc)2

= 4x0Yo

To — Te = 2220 (20 — 2¢)
Yo — Ye = £2y0 (20 — 2c)
(2o — @) (Yo — Ye) = 4x0Yo (20 — Zc)2
Thus xy — x. and yo — Y. have the same sign. We keep the negative sign:
Te = xo + 220 (20 — 2¢) xe = x|l + 2(20 — 2¢)]
{yc = Yo + 240 (20 — z) {yc = yo[1 + 2(20 — z)]

We have only two equations for three unknowns x.,y.,z.. There is therefore an infinity of
spheres tangent at each point of the paraboloid of revolution. The centers of these spheres
constitute the line perpendicular to the paraboloid at the concerned point. For example at the
point M(1,0,1) we have:

T, =3 — 22,
Ye =10
If we take x. = —1 the center of the tangent sphere has coordinates (—1,2,0). We recover what

we found in 2D with the parabola and the circle.

2.3 Osculating sphere to a paraboloid of revolution
Example 2.3. Consider the sphere with center (z¢,ye, z.) and radius v, with equation:
(@ —2)*+ (W —y) + (2 —2) =1
osculating the paraboloid of revolution with equation z = 2% + y*. We always have the equality
of the metrics at the point M (xo,yo, 20) which gives,
e = To[1 4+ 2(20 — 2]
{yc = yo[1 + 2(20 — 2]

and the equality of the derivatives of the metrics at the point M (xq,yo):

g 2 — E M Lo — e
dx (4$ i l)M Oz [(z - Zc); " 1] M o= (20 — Zc)2
0 0 — Ye Yo — Ye
0_y<4y2+1)M:3_yl%+1]M N 4yo:m
04wy _ 0 (=) (Y —ye) dyp = Yo7 Ye ?/c2
or |,, 0r  (z—2z) |, (20 — 2c)
ddy| 9 (x—x) (y—ve) 4oy = 0T
N P TR P (0 = 2)
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4xo (29 — 26)2 =Ty — Te Te = X [1 —4(z0 — zc)ﬂ

=

yo (20 — 2¢)* = Yo — Ye Ye = Yo [1 —4 (2 — Zcﬂ
Zo [1 —4(z0 — zc)z} = zo[l + 2(20 — 2.)]

Yo [1 —4 (20 — Zcﬂ = yo[1 + 2(20 — 2]
These equalities being similar:

—4(2’0_%)2:2(2’0—%) = zo—zc:—% = ZC:ZO+%
We then have:
$c=$o[1+2(2’0—zo—%)} N {xc:O
yc:y0[1+2<2’0—20—%)} yczo

The center of the osculating sphere is on the z-axis. We recover what we found in two dimensions
with the parabola and the circle.
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