
THE CENTRAL LIMIT THEOREM

OLIVIER CASTÉRA

Abstract. The central limit theorem states that the normal distribution appears whenever
the observed random quantity can be presented as the sum of a sufficiently large number of
independent or weakly linked elementary components, each of which has little influence on the
sum.
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1 Random Variable. Expectation. Moments. Variance.

Definition 1.1. We call a discrete random variable X a function that associates to each
outcome of an experiment an unknown value xi in advance, from a set of possible values
x1, . . . , xn.

Definition 1.2. We call a continuous random variable X a function that associates to
each outcome of an experiment an unknown value x in advance, over a finite or infinite
set of possible values [a, b].
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Definition 1.3. We call the mathematical expectation or mean value of the discrete
random variable X the sum of the products of all possible values xi of this variable by
the probabilities pi of these values. It is denoted E[X] or M [X] or mx or also x̄. We have

E[X]
∆
=

n
∑

i=1

xipi

In the case of a continuous random variable X, we have

E[X]
∆
=
∫ +∞

−∞
xf(x)dx

Definition 1.4. We call the initial moment of order s of a discrete random variable X
the function αs[X] defined by

αs[X]
∆
=

n
∑

i=1

xs
i Pi

Initial meaning that the moment is calculated with respect to the origin of coordinates.
In the case of a continuous random variable X, we have

αs[X]
∆
=
∫ +∞

−∞
xsf(x)dx

Therefore, the first-order moment, α1[X], coincides with the mathematical expectation E[X]
of the random variable X

α1[X]
∆
= E[X]

The moments characterize the probability law P, by giving its position, its degree of dispersion,
and its shape.

Definition 1.5. We call the centered random variable associated with X, denoted X̊,
the difference

X̊
∆
= X − E[X]

Definition 1.6. We call the centered moment of order s of a discrete random variable X
the function µs[X] defined by

µs[X]
∆
=

n
∑

i=1

(xi − mx)s Pi

In the case of a continuous random variable X, we have

µs[X]
∆
=
∫ +∞

−∞
(xi − mx)sf(x)dx

Theorem 1.1. For any random variable, the first-order centered moment is zero.

Proof.

E[X̊] = E[X − E[X]]

= E[X] − E[X]

= 0 �
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Definition 1.7. We call the variance of the discrete random variable X its second-order
centered moment. It is denoted V [X] or Vx or D[X] or Dx.

V [X]
∆
=

n
∑

i=0

x̊i
2 Pi

In the case of a continuous random variable X, we have

V [X]
∆
=
∫ +∞

−∞
x̊i

2f(x)dx

By its definition, the variance is the mathematical expectation of the square of the centered
random variable associated with X.

V [X]
∆
= E[X̊2]

2 Bienaymé-Chebyshev Inequality

Theorem 2.1. Let X be a random variable with mathematical expectation E[X] and vari-

ance V [X]. For any positive real α, the probability that X deviates from its mathematical

expectation by an amount greater than or equal to α has an upper bound of V [X]/α2:

P (|X − E[X]| > α) 6
V [X]

α2

Proof. First, let’s prove it for a discrete random variable X, whose distribution is given by:

x1 x2 x3 . . . xn

p1 p2 p3 . . . pn

where pi = P (X = xi) is the probability that the random variable X takes the value xi. Let α
be a positive real,

P (|X − E[X]| > α) =
∑

|xi−E[X]|>α

pi

Now,

V [X] =
n
∑

i = 1(xi − E[X])2pi

=
n
∑

i = 1|xi − E[X]|2pi

The terms of the sum being positive or zero, we have

V [X] >
∑

|xi−E[X]|>α

|xi − E[X]|2pi

and since |xi − E[X]| > α, we have

V [X] >
∑

|xi−E[X]|>α

α2pi

∑

|xi−E[X]|>α

pi 6
V [X]

α2

P (|x − E[X]| > α) 6
V [X]

α2
�
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Proof. In the case where X is continuous, let f(x) be the probability density of X:

P (|X − E[X]| > α) =
∫

|xi−E[X]|>α
f(x)dx

Now,

V [X] =
∫ +∞

−∞
(xi − E[X])2f(x)dx

=
∫ +∞

−∞
|xi − E[X]|2f(x)dx

The terms of the integral being positive or zero, we have

V [X] >
∫

|xi−E[X]|>α
|xi − E[X]|2f(x)dx

and since |xi − E[X]| > α, we have

V [X] >
∫

|xi−E[X]|>α
α2f(x)dx

∫

|xi−E[X]|>α
f(x)dx 6

V [X]

α2

P (|X − E[X]| > α) 6
V [X]

α2
�

3 Functions of Random Variables

Let X be a discrete random variable with the following distribution table

x1 x2 x3 . . . xn

p1 p2 p3 . . . pn

Let Z be a function of the random variable X

Z = ϕ(X)

its distribution table is then the following

ϕ(x1) ϕ(x2) ϕ(x3) . . . ϕ(xn)

p1 p2 p3 . . . pn

Its mathematical expectation E[Z] is given by

E[Z] = E[ϕ(X)]

=
n
∑

i=1

ϕ(xi)pi

When the random variable X is continuous, we have

E[Z] =
∫ +∞

−∞
ϕ(x)f(x)dx

When Z is a function of two random variables, X and Y

Z = ϕ(X, Y )
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its distribution table is the following

ϕ(x1, y1) ϕ(x1, y2) ϕ(x1, y3) . . . ϕ(x1, yn)

p11 p12 p13 . . . p1n

ϕ(x2, y1) ϕ(x2, y2) ϕ(x2, y3) . . . ϕ(x2, yn)

p21 p22 p23 . . . p2n

ϕ(x3, y1) ϕ(x3, y2) ϕ(x3, y3) . . . ϕ(x3, yn)

p31 p32 p33 . . . p3n

. . .

ϕ(xn, y1) ϕ(xn, y2) ϕ(xn, y3) . . . ϕ(xn, yn)

pn1 pn2 pn3 . . . pnn

where pij = P [(X = xi)(Y = yj)] is the probability that the system (X, Y ) takes the value
(xi, yj). Its mathematical expectation E[Z] is given by

E[Z] = E[ϕ(X, Y )]

=
n
∑

i=1

n
∑

j=1

ϕ(xi, yj)pij (1)

When the random variables X and Y are continuous, we have

E[Z] =
∫∫ +∞

−∞
ϕ(x, y)f(x, y)dxdy (2)

3.1 Sum of Two Random Variables

Theorem 3.1. The mathematical expectation of the sum of two random variables is equal

to the sum of their mathematical expectations.

E[X + Y ] = E[X] + E[Y ]

Proof. Let X and Y be two discrete random variables. With equation (1) we have

E[X + Y ] =
n
∑

i=1

n
∑

j=1

(xi + yj)pij

=
n
∑

i=1

n
∑

j=1

xipij +
n
∑

i=1

n
∑

j=1

yjpij

=
n
∑

i=1



xi

n
∑

j=1

pij



+
n
∑

j=1

(

yj

n
∑

i=1

pij

)

=
n
∑

i=1

xipi +
n
∑

j=1

yjpj

= E[X] + E[Y ] �
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Proof. Now let X and Y be two continuous variables. With equation (2) we have

E[X + Y ] =
∫∫ +∞

−∞
(x + y)f(x, y)dxdy

=
∫∫ +∞

−∞
xf(x, y)dxdy +

∫∫ +∞

−∞
yf(x, y)dxdy

=
∫ +∞

−∞
x
(∫ +∞

−∞
f(x, y)dy

)

dx +
∫ +∞

−∞
y
(∫ +∞

−∞
f(x, y)dx

)

dy

=
∫ +∞

−∞
xf1(x)dx +

∫ +∞

−∞
yf2(y)dy

= E[X] + E[Y ] �

Definition 3.1. We call the covariance of the random variables X and Y the mathemat-
ical expectation of the product of the two centered random variables X̊ and Y̊ associated
with X and Y . It is denoted Kxy

Kxy
∆
= E[X̊Y̊ ]

Theorem 3.2. The variance of the sum of two random variables is equal to the sum of

their variances plus twice the covariance.

V [X + Y ] = V [X] + V [Y ] + 2Kxy

Proof. Let the random variable Z be such that

Z = X + Y

Using theorem 3.1, we have

E[Z] = E[X + Y ]

= E[X] + E[Y ]

Thus

Z − E[Z] = X − E[X] + Y − E[Y ]

Z̊ = X̊ + Y̊

By definition of variance

V [Z] = E[Z̊2]

= E[(X̊ + Y̊ )2]

= E[X̊2 + Y̊ 2 + 2X̊Y̊ ]

= E[X̊2] + E[Y̊ 2] + 2E[X̊Y̊ ]

= V [X] + V [Y ] + 2Kxy �
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Definition 3.2. The random variables X and Y are said to be independent if the distri-
bution law of each does not depend on the values taken by the other.
The probability of a system of discrete independent random variables is equal to the
product of the probabilities of the variables in the system

Pij = P [(X = xi)(Y = yj)]

= P [(X = xi)]P [(Y = yj)]

= PiPj

The probability density of a system of continuous independent random variables is equal
to the product of the densities of the variables in the system

f(x, y) = f1(x)f2(y)

Theorem 3.3. The covariance Kxy of independent random variables X and Y is zero.

Proof. Consider discrete random variables

Kxy =
n
∑

i=1

n
∑

j=1

(xi − mx)(yj − my)Pij

From definition (3.2) of independent variables

Pij = PiPj

Thus,

Kxy =
n
∑

i=1

(xi − mx)Pi

n
∑

j=1

(yj − my)Pj

These sums are respectively the first-order centered moment of X and Y , which are zero from
theorem 1.1, and

Kxy = 0 �

Proof. Now consider continuous random variables

Kxy =
∫∫ +∞

−∞
(x − mx)(y − my)f(x, y)dxdy

From definition (3.2) of independent variables

f(x, y) = f1(x)f2(y)

Thus,

Kxy =
∫ +∞

−∞
(x − mx)f1(x)dx

∫ +∞

−∞
(y − my)f2(y)dy

These integrals are respectively the first-order centered moment of X and Y , which are zero
from theorem 1.1, and

Kxy = 0 �

3.2 Product of Two Random Variables

Theorem 3.4. The mathematical expectation of the product of two random variables X
and Y is equal to the product of their expectations plus the covariance

E[XY ] = E[X]E[Y ] + Kxy
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Proof. From definition (3.1) of covariance

Kxy = E[X̊Y̊ ]

= E[(X − E[X])(Y − E[Y ])]

= E[XY − XE[Y ] − E[X]Y + E[X]E[Y ]]

= E[XY ] − E[XE[Y ]] − E[E[X]Y ] + E[E[X]E[Y ]]

= E[XY ] − E[X]E[Y ] − E[X]E[Y ] + E[X]E[Y ]

= E[XY ] − E[X]E[Y ] �

4 Central Limit Theorem

4.1 Characteristic Function

Definition 4.1. We call the characteristic function of the discrete random variable X
the mathematical expectation of the function exp (itX)

g(t) =
n
∑

k=1

eitxkpk

= E
[

eitX
]

We call the characteristic function of the continuous random variable X the Fourier
transform of its probability density f(x)

g(t) =
∫ +∞

−∞
eitxf(x)dx

= E
[

eitX
]

Theorem 4.1. If two random variables X and Y are related by the relation

Y = aX

where a is a non-random factor, their characteristic functions are related by the relation

gy(t) = gx(at)

Proof.

gy(t) = E
[

eitY
]

= E
[

eitaX
]

= E
[

ei(at)X
]

= gx(at) �

Theorem 4.2. The characteristic function of a sum of independent random variables is

equal to the product of the characteristic functions of the components.
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Proof. Let X1, X2, . . . , Xn be independent random variables with gx1
, gx2

, . . . , gxn
for character-

istic functions, and sum

Y =
n
∑

k=1

Xk

The characteristic function of Y is written

gy(t) = E
[

eitY
]

= E
[

eit
∑n

k=1
Xk

]

= E

[

n
∏

k=1

eitXk

]

The random variables Xk being independent, the functions eitXk are also independent and we
can use theorem 3.4

gy(t) =
n
∏

k=1

E
[

eitXk

]

=
n
∏

k=1

gxk
(t) �

4.2 Characteristic Function of the Normal Distribution

Theorem 4.3. The characteristic function of the normal distribution with mathematical

expectation mx zero and variance σ2 is written

g(t) = e−t2σ2/2

Proof. Let a continuous random variable X be distributed according to the normal distribution,
with mathematical expectation mx zero, and variance σ2. Its probability density f(x) is written

f(x) =
1

σ
√

2π
e−x2/(2σ2)

Its characteristic function is written

g(t) =
1

σ
√

2π

∫ +∞

−∞
eitxe−x2/(2σ2)dx

=
1

σ
√

2π

∫ +∞

−∞
eitx−x2/(2σ2)dx

We use the following formula

∫ +∞

−∞
e−Ax2±2Bx−C , dx =

√

π

A
, e−(AC−B2)/A

We identify: A = 1/(2σ2), B = it/2, and C = 0. Hence

g(t) =
1

σ
√

2π

√
2πσ2 e−(t2/4)2σ2

= e−t2σ2/2 �
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4.3 Sum of Two Normal Distributions

Theorem 4.4. The sum of two normal distributions is a normal distribution.

Proof. Let X and Y be two independent continuous random variables whose probability den-
sities are distributed according to normal distributions

f(x) =
1

σx

√
2π

e−x2/(2σ2
x)

f(y) =
1

σy

√
2π

e−y2/(2σ2
y)

From definition 4.1, their characteristic functions are written

gx(t) = e−t2σ2
x/2

gy(t) = e−t2σ2
y/2

From theorem 4.2, the characteristic function gz(t) of their sum is equal to the product of the
characteristic functions

gz(t) = gx(t) × gy(t)

= e−t2σ2
x/2 × e−t2σ2

y/2

= e−t2(σ2
x+σ2

y)/2

which, from theorem 4.3, is the characteristic function of a normal distribution with mathe-
matical expectation mz zero and variance σ2

x + σ2
y . �

4.4 Central Limit Theorem

Theorem 4.5. Let X1, X2, . . . , Xn be independent random variables with the same distri-

bution law, with mathematical expectation mx and variance σ2. As n increases indefinitely,

the distribution law of the sum

Yn =
1√
n

n
∑

k=1

Xk

tends toward the normal distribution.

Proof. Note that the factor 1/
√

n is necessary for the proof, but the convergence of Yn toward
the normal distribution implies that of the sum of the random variables

∑n
k=1 Xk. We will use

the characteristic functions and admit without proof that the convergence of the characteristic
functions implies that of the laws. From theorem 4.1, the characteristic function of Yn is equal
to

gyn
(t) = g1/

√
n
∑n

k=1
Xk

= g∑n

k=1
Xk

(

t√
n

)

From theorem 4.2, the characteristic function of Yn is equal to the product of the characteristic
functions of the Xk

gyn
(t) =

[

gx

(

t√
n

)]n

(3)
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The characteristic function of each Xk is written

gx

(

t√
n

)

=
∫ +∞

−∞
eixt/

√
nf(x)dx

Perform a Taylor expansion around zero, up to order 3

gx

(

t√
n

)

= gx(0) + g′
x(0)

(

t√
n

)

+

[

g′′
x(0)

2
+ o

(

t√
n

)]

t2

n
(4)

where lim
t/

√
n→0

o

(

t√
n

)

= 0

Calculate each term

gx(0) =
∫ +∞

−∞
f(x)dx

= 1

By differentiating we have

g′
x

(

t√
n

)

=
∫ +∞

−∞
ixeixt/

√
nf(x)dx

= i
∫ +∞

−∞
xeixt/

√
nf(x)dx

setting t/
√

n = 0 we have

g′
x(0) = i

∫ +∞

−∞
xf(x)dx

= imx

We do not restrict generality by shifting the origin to the point mx, then we have mx = 0, and

g′
x(0) = 0

Differentiating a second time

g′′
x

(

t√
n

)

= −
∫ +∞

−∞
x2eixt/

√
nf(x)dx

setting t/
√

n = 0

g′′
x(0) = −

∫ +∞

−∞
x2f(x)dx

and since we set E[X] = 0, from definition 1.7 the previous expression is nothing other than
the negative of the variance

g′′
x(0) = −σ2

Substituting these results into equation (4), when t/
√

n → 0

gx

(

t√
n

)

= 1 −
[

σ2

2
− o

(

t√
n

)]

t2

n

then into equation (3)

gyn
(t) =

{

1 −
[

σ2

2
− o

(

t√
n

)]

t2

n

}n

Take the logarithm of this expression

ln gyn
(t) = n ln

{

1 −
[

σ2

2
− o

(

t√
n

)]

t2

n

}
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Set

χ =

[

σ2

2
− o

(

t√
n

)]

t2

n

and we have

ln gyn
(t) = n ln {1 − χ}

As n tends to infinity, χ tends to 0, and ln(1 − χ) tends to −χ

lim
n→+∞

ln gyn
(t) = lim

n→+∞
n(−χ)

= lim
n→+∞

n

[

−σ2

2
+ o

(

t√
n

)]

t2

n

= −t2σ2

2
+ lim

n→+∞
t2, o

(

t√
n

)

Now limt/
√

n→0 o(t) = 0, so

lim
n→+∞

o

(

t√
n

)

= 0

thus

lim
n→+∞

ln gyn
(t) = −t2σ2

2
hence

lim
n→+∞

gyn
(t) = e−t2σ2/2

which, from theorem 4.3, is the characteristic function of the normal distribution with mathe-
matical expectation zero, and variance σ2. �

5 Laws of Large Numbers

The laws of large numbers assert the convergence in probability of random variables toward
constant quantities, as the number of experiments increases indefinitely.

5.1 Chebyshev’s Theorem

Let a random variable X provide, during n independent experiments, the values x1, x2, . . . , xn.
To use theorem 3.1, we will consider that these values are the results of a single experiment
performed on each of the n independent random variables X1, X2, . . . , Xn, with the same dis-
tribution law as the random variable X.
Rather than considering the sum of these random variables, we will consider the arithmetic
mean of these variables, in other words the sum divided by n. Let the random variable Y be
defined as the arithmetic mean of these n random variables

Y =
1

n

n
∑

i=1

Xi

Its mathematical expectation is written

E[Y ] = E

[

1

n

n
∑

i=1

Xi

]

=
1

n
E

[

n
∑

i=1

Xi

]
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With theorem 3.1 we have

E[Y ] =
1

n

n
∑

i=1

E[Xi]

=
1

n
n E[X]

= E[X]

The variance of Y is written

V [Y ] = E[Y̊ 2]

= E





(

1

n

n
∑

i=1

X̊i

)2




=
1

n2
E





(

n
∑

i=1

X̊i

)2




=
1

n2
V

[

n
∑

i=1

Xi

]

With theorem 3.2 and theorem 3.3 we have

V [Y ] =
1

n2

n
∑

i=1

V [Xi]

=
1

n
V [X]

Theorem 5.1. For a sufficiently large number of experiments, the arithmetic mean of

the observed values of a random variable converges in probability toward its mathematical

expectation

∀δ > 0, ∀ε > 0, ∃n such that P

(∣

∣

∣

∣

∣

1

n

n
∑

i=1

Xi − E[X]

∣

∣

∣

∣

∣

> ε

)

< δ

Proof. Apply to Y the Bienaymé-Chebyshev inequality by setting α = ε

P (|Y − E[Y ]| > ε) 6
V [Y ]

ε2

Applying the previous results on the expectation and variance of Y

P

(∣

∣

∣

∣

∣

1

n

n
∑

i=1

Xi − E[X]

∣

∣

∣

∣

∣

> ε

)

6
V [X]

nε2

and set δ = V [X]/(nε2). We can always choose n sufficiently large to have the above inequality,
no matter how small ε is. �

5.2 Generalized Chebyshev Theorem

We can generalize the law of large numbers to the case of random variables with different
distribution laws.
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Theorem 5.2. Let there be n independent random variables X1, X2, . . . , Xn, with dif-

ferent distribution laws, with mathematical expectations E[X1], E[X2], . . . , E[Xn], and

variances V [X1], V [X2], . . . , V [Xn]. If all variances have the same upper bound L

∀i, V [Xi] < L

for a sufficiently large number of experiments, the arithmetic mean of the observed values

of the random variables X1, X2, . . . , Xn, converges in probability toward the arithmetic

mean of their mathematical expectations

∀δ > 0, ∀ε > 0, ∃n such that P

(∣

∣

∣

∣

∣

1

n

n
∑

i=1

Xi − 1

n

n
∑

i=1

E[Xi]

∣

∣

∣

∣

∣

> ε

)

< δ

Proof. Let the random variable Y be such that

Y =
1

n

n
∑

i=1

Xi

Apply to Y the Chebyshev inequality:

∀δ > 0, ∀ε > 0, ∃n such that P (|Y − E[Y ]| > ε) <
V [Y ]

ε2

P

(∣

∣

∣

∣

∣

1

n

n
∑

i=1

Xi − 1

n

n
∑

i=1

E[Xi]

∣

∣

∣

∣

∣

> ε

)

<

∑n
i=1 V [Xi]

n2ε2

P

(∣

∣

∣

∣

∣

1

n

n
∑

i=1

Xi − 1

n

n
∑

i=1

E[Xi]

∣

∣

∣

∣

∣

> ε

)

<
L

nε2

and set δ = L/(nε2). We can always choose n sufficiently large to have the above inequality,
no matter how small ε is. �

5.3 Markov’s Theorem

We can generalize the law of large numbers to the case of dependent random variables.

Theorem 5.3. Markov’s Theorem Let there be n dependent random variables

X1, X2, . . . , Xn, with different distribution laws, with mathematical expectations

E[X1], E[X2], . . . , E[Xn], and variances V [X1], V [X2], . . . , V [Xn]. If

lim
n→∞

1

n2

n
∑

i=1

V [Xi] = 0

the arithmetic mean of the observed values of the random variables X1, X2, . . . , Xn, con-

verges in probability toward the arithmetic mean of their mathematical expectations

∀δ > 0, ∀ε > 0, ∃n such that P

(∣

∣

∣

∣

∣

1

n

n
∑

i=1

Xi − 1

n

n
∑

i=1

E[Xi]

∣

∣

∣

∣

∣

> ε

)

< δ

Proof. Let the random variable Y be such that

Y =
1

n

n
∑

i=1

Xi
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Apply to Y the Chebyshev inequality:

∀δ > 0, ∀ε > 0, ∃n such that P (|Y − E[Y ]| > ε) <
V [Y ]

ε2

P

(∣

∣

∣

∣

∣

1

n

n
∑

i=1

Xi − 1

n

n
∑

i=1

E[Xi]

∣

∣

∣

∣

∣

> ε

)

<

∑n
i=1 V [Xi]

n2ε2

Set δ =
1

n2ε2

∑n
i=1 V [Xi]. By hypothesis, we can always choose n sufficiently large to have

limn→∞ δ = 0, no matter how small ε is. �
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